In this article we establish common fixed point results for two pairs of compatible mappings in dislocated metric space which generalize and extend similar results in the literature.
Introduction
In 1922, S. Banach [8] established a fixed point theorem for contraction mapping in metric space. Since then a number of fixed point theorems have been proved by many authors and various generalizations of this theorem have been established. In 1976, G. Jungck [3] initiated the concept of commuting maps and generalized it with the concept of compatible maps [4] , [5] and established some important fixed point results. The study of common fixed point of mappings satisfying contractive type conditions has been a very active field of research activity. In 1986, S. G. Matthews [9] introduced the concept of dislocated metric space under the name of metric domains in domain theory. In 2000, P. Hitzler and A. K. Seda [7] generalized the famous Banach Contraction Principle in dislocated metric space. The study of dislocated metric plays very important role in topology, logic programming and in electronics engineering.
The purpose of this article is to establish a common fixed point theorem for two pairs of compatible mappings in dislocated metric spaces which generalize and improve similar results of fixed point in the literature.
Preliminary Notes
We start with the following definitions, lemmas and theorems.
Definition 2.1 [7] Let X be a non empty set and let d : X × X → [0, ∞) be a function satisfying the following conditions: Theorem 2.6 [7] Let (X, d) be a complete d-metric space and let T : X → X be a contraction mapping, then T has a unique fixed point. Definition 2.7 Let A and S be two self mappings on a set X. Mappings A and S are said to be commuting if ASx = SAx ∀x ∈ X. 
T he pairs (T, B) and (S, A) are compatible
If any one of A, B, S and T is continuous for all x, y ∈ X where α, β, γ, δ ≥ 0, 0 ≤ 2α + β + 2γ + 2δ < 1, then A, B, S and T have a unique common fixed point.
Proof :
Using condition 1 we define sequences {x n } and {y n } in X by the rule y 2n+1 = Ax 2n+1 = T x 2n and y 2n = Bx 2n = Sx 2n−1 (4) Assume also that y 2n = y 2n+1 for all n Now
This shows that
For every integer q > 0 we have
Since h < 1, so h n → 0 as n → ∞ Therefore d(y n+q , y n ) → 0 as n → ∞. This implies that {y n } is a cauchy sequence. Since X is complete, so there exists a point z ∈ X such that {y n } → z. Consequently subsequences
Let us assume that B is continuous. Since the pair (T, B) is compatible on X so by proposition 2.9 we have
Now consider
Now taking limit as n → ∞ and using conditions 5 and 6 we have
which is a contradiction, since (β + γ + δ) = 1. Hence, Taking limit as n → ∞ we have,
which is a contradiction since (α +δ) = 1. Therefore d(T z, z) = 0 implies T z = z. As T (X) ⊂ A(X), so there exists a point u ∈ X such that z = T z = Au. Consider
which is a contradiction since (3α + 2β + γ + 2δ) = 1. Hence d(z, Su) = 0 implies z = Su. By above relations we obtain
Since the pair (S, A) is compatible on X, so d(SAu, ASu) = 0 implies SAu = ASu. Hence, Sz = Az. Now we show that z is the fixed point of A. For this consider
which is a contradiction since (4α+β +γ +δ) = 1. Hence. d(z, Az) = 0 implies Az = z.Therefore Az = Bz = Sz = T z = z. Hence, z is the common fixed point of the mappings A, B, S and T .
Uniqueness: Let z and v be two common fixed point of the mappings A, B, S and T . Now by condition 3 we have
which is a contradiction since (4α + β + γ + δ) = 1 . So d(z, v) = 0 implies z = v. Thus z is the unique common fixed point of the mappings A, B, S and T . This completes the proof of the theorem.
Now we have the following corollaries. If we put B = A in the above theorem 3.1, then the theorem is reduced to the following corollary Corollary 3.2 Let (X, d) be a complete dislocated metric space. Let A, S, T : X → X be mappings satisfying T (X)and S(X) ⊂ A(X)
T he pairs (T, A) and (S, A) are compatible
If any one of A, S and T is continuous for all x, y ∈ X where α, β, γ, δ ≥ 0, 0 ≤ 2α + β + 2γ + 2δ < 1, then A, S and T have a unique common fixed point.
If we put T = S in theorem 3.1, then we obtain the following corollary. If any one of A, B and S is continuous for all x, y ∈ X where α, β, γ, δ ≥ 0, 0 ≤ 2α + β + 2γ + 2δ < 1, then A, B and S have a unique common fixed point.
If we put T = S and B = A in the above theorem 3.1 then we obtain the following corollary If any one of A and S is continuous for all x, y ∈ X where α, β, γ, δ ≥ 0, 0 ≤ 2α + β + 2γ + 2δ < 1, then A and S have a unique common fixed point.
If we put A = B = I in the above theorem 3.1, then the theorem is reduced to the following corollary. If any one of S and T is continuous for all x, y ∈ X where α, β, γ, δ ≥ 0, 0 ≤ 2α + β + 2γ + 2δ < 1, then S and T have a unique common fixed point. Now we have the following theorem. Theorem 3.6 Let (X, d) be a complete dislocated metric space. Let A, B, S, T : X → X. Suppose that any one of A, B, S and T is continuous for all x, y ∈ X and for some positive integers p, q, r and s which satisfy the following conditions
T he pairs (T, B) and (S, A) are compatible (20) where α, β, γ, δ ≥ 0, 0 ≤ 2α + β + 2γ + 2δ < 1, then A, B, S and T have a unique common fixed point.
The proof of the theorem is similar to the above theorem 3.1
